Effective unidirectional pumping for steady-state amplification without inversion. 



Pankaj K. Jh|] 

Department of Physics and Astronomy, Texas A&M University, College Station, TX-77843 USA 

(Dated: January 14, 2013) 

We discuss an opportunity to achieve amplification without inversion in three-level cascade scheme using an 
effective unidirectional pumping via bidirectional incoherent pump. Analytical solution to the population and 
the coherence are obtained in the steady-state regime. With a proper choice of the parameters, obtained here, 
the possibility for amplification without inversion is presented. 
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I. INTRODUCTION 

It is well known that a conventional laser requires popula- 
tion inversion on the lasing transition. But in late 80's it was 
proposed Hj-0 and later demonstrated experimentally [4-6 1 
that this condition of population inversion does not hold true 
in general when more than two levels are involved in the in- 
teraction. In a typical three-level configuration, it is possible 
to break the detail balance and cancel or suppress absorption 
while keeping the stimulated emission intact. This is the basis 
of lasing without inversion (LWI). Many schemes for lasing 
without inversion has been proposed 0}[3]|7r[l3 1 ( see aiso the 
overviews lfT4UT71 ) . The key to all the schemes proposed and 
realized is quantum coherence and interference effects. In- 
deed the generation of short- wavelength radiation is one of the 
core application of lasing without inversion where fast sponta- 
neous relaxation times makes the realization of population in- 
version difficult. Necessary condition for amplification with- 
out inversion (AWI) has been obtained and AWI has been re- 
lated to inversion in field reservoir! 181, AWI has been shown 
for a medium in a thermal equilibrium [ 19] (without any in- 
version including inversion in field reservoir), LWI without 
external coherent drive GUI . LWI due to coherence excited 
via spontaneous decay EH . mechanisms of LWI have been 
discussed in ll22l|23l , extension to free electron lasers 11241 . to 
gamma-ray region E51 . The quest for X-ray lasers, have mo- 
tivated researchers in this area, to explore different schemes 
of lasing with or without inversion |26|. 

In this paper we start with a brief review of the steady-state 
gain without population inversion in a three-level medium 
(cascade configuration) with incoherent pumping (symmetric 
and bidirectional) between the ground state \a) and the excited 
level |c) (as shown in Fig. 1(a)). Similar scheme with asym- 
metric, symmetric and unidirectional incoherent pumping has 
been addressed extensively [27, 28] in context with lasing on 
the X-Ray transition of Ar 8+ at wavelength around 26nm. 
When we have a symmetric incoherent pump, though the las- 
ing transition never reaches population inversion, it also never 
exhibits amplification and shows absorption. This undesirable 
outcome can be overcome if we introduce a new level \p) (as 
shown in Fig. 1(b)). We show that if the symmetric and bi- 
directional pump is introduced in the transition \p) f-> \b), the 
probe transition |6) -H- \p) can exhibit gain without population 



inversion. The main result of this paper is the Fig. 2(c) and 



the relation Eq.( 19 1. 

The paper is organized as follows. In section II, we briefly 
review the gain(absorption) profile of a three-level medium in 
cascade configuration in steady-state regime with incoherent 
coupling (symmetric and bidirectional) between the ground 
state | a) and the excited level |c). In section III, we show 
that by introducing a fourth level \p), coupled to the ground 
state by a bidirectional incoherent pump, the probe transi- 
tion | a) o | b) can exhibit amplification without population 
inversion [see Fig 2(c)] for a proper choice of the parame- 
ters. We also show some light on the temporal behavior and 
the effect of probe detuning (A&) on the gain for the four- 
level model. In Appendix A, we have briefly discussed the 
three-level model in A— configuration and show that the sys- 
tem can exhibit gain even in the presence of a symmetric and 
bi-directional pump between the lower two levels. 



H. THREE-LEVEL MODEL 

We consider a three-level model as shown in Fig. 1(a). The 
transition |c) «-» |a) is driven by a coherent driving field and 
the transition \a) «-» | £>) is excited by a weak probe field. 
The population in transition |c) ■<-» \a) is also exchanged us- 
ing an incoherent symmetric and bi-directional pump at a rate 
A. The atom-field Hamiltonian in the interaction picture with 
rotating -wave approximation can be written as ||29| (K = 1) 

V = A a \c)(c\ - A b \b)(b\ - {Q b \a)(b\ + fl a \c){a\ +H.c) . 

(1) 

Here tt a and flf, are the Rabi frequencies of the driving 
and the probe field respectively. We define the detuning 
A a = ui ca — v a and A b = u ab — v b [ 30 1 . In this model 
the spontaneous decay in the channels ab, ca are quantified 
by the parameter 7b, j a respectively. Incorporating the decay 
rates, the equation of motion for the atomic density matrix is 
given as (H = 1) 



dQ -m i i 76 (\ ti , r t- 
— = -i[V, Q\ + — (Jcr&, gal] + [a b g, a ] b 
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y (K, go-\l + [a a g, a a \) + - (\a x , ga{] + [<r X Q, 
2 (Va^a] + [<r{g,<rx]) , 
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II.l. Steady-state analysis 
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FIG. 1 . Level diagram for the (a) three-level and (b) four-level model. 
The spontaneous decay rates \a) — > \b), |c) — > |a), |p) — > |c) and 
[p) — > 1 6) are give by 76, 7 a , 7c , 7j > respectively. We have introduced 
an incoherent bi-directional pump in the transition j b) O | c) for the 
three-level model and in the transition \b) «-» \p) for the four-level 
medium. The pumping rates are A and A for the three and four-level 
model respectively. fi a and fl;, are the drive and probe field Rabi 
frequencies. 



where the atomic lowering (cj) and rising operators (crj) are 
defined as 



a a = \a)(c\ , <j b = \b)(a\ , a\ = \b)(c\ 
ai = \c)(a\,ai = \a)(b\,a{ = \c)(b\ 



(3) 



The equations of motion for the density matrix element 
g ab , Qcb and g ca is given by (for real ft a , fl b ) 



dg ab 
dt 

dg c b 
dt 

dg ca 
dt 



-TabQab - i^b(g aa - 9bb) + itlaQcb, (4a) 
-r cb Qcb + iftaQab - i^bQca: (4b) 
-TcaQca - iQa{Qcc - Qaa) ~ i^bQcb- (4c) 



Herer afc = ( 7b +A)/2+iA b , T ca = ( 7a +7 b +A)/2+i A a and 
r c b = 7a/2 + A + z (A a — A b ). For a weak probe field, a first- 
order solution for g ab (which determines the gain/absorption 
of the probe field) can be found in the steady state 



P {1) 

Qab 



o {0) 



(0) 

Sbb 



^cb^ca H~ 



« (0) 



{T cb r ab + r»2) r c 



(5) 

where is the zeroth-order population in the level \l). 
For resonant interaction(A ab = 0), if we look at Eq.(5), 
the imaginary part of g a b denoted by 3[f? ab ] has two con- 
tributing terms. While the first term is proportional to the 



population inversion ^oc 



o {0) 



(0) 

Qbb 



in the probe transi- 



tion, the second term is proportional to population inversion 



(« 



(0) 



o (0) 

tjaa 



in the driving transition. In case of two- 
level model fl a — 0, we need g a °J > g ® b i.e population inver- 
sion in probe transition for amplification 1 3D . For three-level 
model it is the second term which provides the necessary con- 
ditions required for lasing without population inversion. 



The equation of motion of the density matrix elements gu are 
given by 



dg a 



dt 

dg b b 
dt 

dQcc 
dt 



= -IbQaa + laQcc - 2Vt a ^[g ca ] + 2Q b $s[g ab \ , (6a) 
= IbQaa - Ap bb + \g cc - 2£Lb3[gab], (6b) 
= -(7a + A)p cc + Xg bb + 2n a Q[g ca }. (6c) 



The exact steady-state solution for the coupled Eqs.(|6| is com- 
plex even for resonant interaction (A Q b = 0)[32-34|. To ob- 
tain solution in compact analytical form, we employed the ze- 
roth order approximation in the probe field and obtained for 
the steady-state populations 
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where M = X(2 lb T ca + iQ 2 a ) + ( 7b + A)( 7a r cQ + 2Q. 2 a ). 



Using Eqs.(5 7 1, we obtain the first-order solution for g K a 



(i) 



(i)__. J - r c r ca [7 a (7 b - A) + A7 b ] 

- '-^ (T cb r ab + ni)M 
[ 7b (A-2r cb )- 7a A] n 2 a 

(T cb T ab + ni)M 



(8) 



The condition for non-inversion g a "a + gcc < g bb lfT8l l35ll 
gives 

7b)(7 a r ea + 2ng) 

M 



(A 



< 0. 



(9) 



From Eq.Q, we see that for a symmetric and bidirectional 
incoherent pumping in the transition |c) <H> \a), population 
is never inverted in steady state if A < 7 b i.e rate of inco- 
herent pump should be less than the rate of radiative decay 
from | a) — > \b). We know that the imaginary part of g ab 
i.e 3 [g a b] governs the gain(absorption) in the probe transi- 
tion. For gain(absorption) in the \a) f-> \b) transition we 
need 5[g a o] < 0(> 0). From Eq. ^ we obtain, in the limit 
7b > A > 7q 



$*[Qab] cx 7i) A [ 76 A/2 + n^] fi b > 0. 



(10) 



As 9[g a h] > 0, the probe transition will always exhibit ab- 
sorption in steady-state. To conclude, in the presence of 
a bi-directional symmetric incoherent pump between |c) o 
| a) levels, the probe transition will never exhibit gain in 3- 
configuration. However this can be overcome in case of an 
asymmetric bi-directional pump [27 28]. In the next part of 
this paper we studied a four-level model with bi-directional 
incoherent pump between the ground state \b) and an addi- 
tional fourth level \p) as shown in Fig. 1(b) and discuss the 
opportunity to observe amplification without inversion. 
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FIG. 2. ContourPlots for the steady-state population inversion i.e (^Qaa + Qcc + Qpp — Qbbj an d coherence in the probe transition \ a) -o \b) 

with a symmetric and bi-directional incoherent pump in the transition \b) <-» |p) for the four-level model Fig 1(b). (a) Plot of the population 
inversion against the decay rate 7 c /76 and pumping rate A/76. The shaded region corresponds to no-inversion while the unshaded region 
shows the values of the parameters 7 c /7b and A/jb for which we have an inverted system in steady-state, (b) Similar plot of the &[g &]. Here 
the shaded region corresponds to gain (Ss[£> a t>] < 0) while the unshaded region will have absorption in the probe transition (Sf [p a i,] > 0). (c) 
Plot of the region i.e range of the parameters 7 c /76 and A/76 for which amplification without population inversion in the probe transition can 
be achieved. For numerical simulation we took Q, a = 10, Qt = 0.01, 7 a = 0.01, 7^ = 0.3, 7j = 1. 



III. FOUR-LEVEL MODEL 



III.l. Steady-state analysis 



We will now consider a four-level model shown in Fig. 
1(b), the atom-field interaction in the interaction picture with 
rotating-wave approximation is also given by Eq. ([TJ. The 
spontaneous decay in the channel pc and pb are given by the 
parameters -f c and j p respectively. Incorporating these ad- 
ditional decay rates, the equation of motion for the atomics 
density matrix is 



la 



WbQ, <r b . 



+ y (Wa,Qvt] + [<r a Q,<ri]) + y (Wc&rt] + Wq,^ c ]) 

+ y (K> Q°t] + WpQ> 40 + g (H> Qa v\ + Ke> a v\) ' 

(11) 



where 7 P = j p + A and the atomic lowering (<x;) and rising 
operators (crj) are defined as 



<T b = \b) (o| ,<rl=\a) (b\ ■ a a = \a) (c| , a\ = |c) (a\ 
a c = \c){p\ ,al = \p)(c\ ; a v = \b)(p\,al = \p)(b\ 



(12) 



The equation of motion for the density matrix elements 
Qab, Qcb and g cb takes the form given by Eq.Q with the pa- 
rameters T ab = (7 6 + A)/2 + iA b , T ca = ( 7a + 7 6 )/2 + iA a 
and T cb = (7 a + A)/2 + i(A a — A b ). The first-order solu- 
tion for g ab is given by Eq.{5]). Eqs. ( |4|5| l are quite general 
equations, for the Hamiltonian governed by Eq.Q. 



The equation of motion of the density matrix elements qu 
are given by 



dOaa 

dt 

dQbb 

dt 
dg cc 

dt 
dg pp 

dt 



-IbQaa + laQcc - 2ft a ^s[g ca ] + 2£l b $s[g ab ], 

(13a) 

j b Qaa - Ap 6o + %g P p - 2Cl b $s[g ab ], (13b) 
laQcc ~\~ IcQpp "i" 2£l a ^s[g ca 

], (13c) 
Agbb - (7c + lp)g PP - (13d) 



In steady-state we obtain the zeroth-order population [see Ap- 
pendix for calculations] 
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where, V = 20^ [2A 7c + 7fc (A + 7c + %)} + -f c j b AT ca + 

JaFca [7cA + 7 6 (A + 7 C + 7p)]. 
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III. 2. Gain condition 



From the condition for non-inversion q£J + g^J + Qpp < 

„(o) 



Ql b ' we obtain (for large Q a > j a , j b , j c ) 
7 C (2 A - 7b) < 7&7 P . 



(15) 



We can easily see from Eq.( 15 i, for A < 7&/2, the system will 
never shows population inversion in steady state [see Fig. 2 
(a)]. Using Eq.(|5|14|i, we obtain the first-order solution for 

(i) 



o {1) 

t?ab 



7 e A( 7b - la )n 2 a 
(r cb r ab + ni)v 

(7cA-7fc(7 c + 7p))(7 a r c 



2r»2)r cfc 



(r cb r ab + ni) v 



(16) 



To observe gain in the probe transition we obtain the necessary 
condition as 

(7 c A- 7b (7 c + 7 p ))(7 a r ca + 2^)r ch + 7 c A(7 fc -7 a )^ > 0. 

(17) 



For large f2 Q (> j a , lb, 7c) Eq.(|17| reduces to 

7c>7b(l+7 P /A). (18) 



Now to observe gain without population inversion Eqs.( 15|l"8 i 
should be satisfied simultaneously. Thus we can summarize 
the condition for amplification without population inversion 
in steady-state as 



i + 7 P /A < 7 c /7 fc < 7 P /(2A - 7f) ) if A > j b /2, 
- 7 P /A < 7 c / 7fc if A < 7b/2. 



1 



(19) 



When A < j b /2, there is no upper limit for 7 C for which the 
probe transition \a) <h> \b) will exhibit amplification without 
population inversion in steady state. From Fig. (2) we observe 
that, the probe transition \a) f-> \b) can exhibit amplification 
without population inversion even when we have a symmetric 
bi-directional incoherent pump. Till now we have analyzed 
the steady-state behavior of the four-level mode when both 
the probe and driving field are resonant with the correspond- 
ing transition. To study the effect of detuning on the gain, let 



us solve the Eq.( 1 1 1 numerically and the results are shown in 



Fig. (3). Here we have plotted the steady-state value of 3 [gab] 
and 3?[g» c f,] as a function of probe detuning and resonant drive 
(A a = 0). For the parameters used in Fig. 3, the probe tran- 
sition will exhibit gain (cx 3 [g a b]) till A b ~ 37 b . 

To study the evolution of the population and the coherences 
we will now consider the transient behavior of the four-level 
medium. Another reason to study the transient regime is that 
the temporal behavior of the coherence g ab (t) gives us the 
information about the time interval in which the probe transi- 
tion will exhibit gain( absorption). This information is readily 
used in transient lasing without inversion. The probe or the 
seed pulse is properly delayed so that it enters and cross the 
medium when the probe transition is exhibiting amplification. 




FIG. 3. Effect of the probe detuning on the gain oc $J[£ a {,(A(,)]. 
For numerical simulation we took Q a = 10, Qb = 0.01, 7 a = 
0.01, 7 P = 0.3, 76 = 1, 7 C = 2, A = 0.5, A c = 0. 



III.3. Transient state analysis. 

In this section we will show some light on the transient be- 
havior of the four-level model and the main results are shown 
in Figs. (4,5). In Fig. 4 we have plotted the transient be- 
havior of the population inversion in different transitions. In 
steady state, we see that for the parameters used in the numer- 
ical simulations we will never observe population inversion 
i.e g aa + g cc + g pp — g bb < 0. Infact the system is never 
inverted at any instant of time (see curve I Fig. 4). Inver- 
sion is only observed in the transition \p) O |c) till -f b t ~ 2. 
In Fig. 5(a) we have plotted the temporal evolution of the 
populations of all the levels. Although the population of the 
ground state decreased monotonically, the population in level 
\p) monotonically increases and reaches the steady state after 
time 7t,i ~ 1. The populations in the level \a) shows some os- 
cillatory behavior, but for the particular choice of the param- 
eters used for numerical simulations, the amplitude of these 
oscillations are very small. The population in the level |c) 




FIG. 4. Plots for the transient behavior population inversion in 
different transitions for bi-directional incoherent pump in the tran- 
sition \b) -H> \p) for the four-level model Fig 1(b). Curve(I): 

Qaa{t) + Qcc(t) + Qpp(t) - Qbb(t), CUrVe (II): Qaa(t) - Qbb(t), CUTVS 

(III): Q pp (t) — Q cc (t) and curve (IV): g pp (t) — Qbb(t). For numer- 
ical simulation we took Q a ~ 10, f2{, = 0.01, 7 a = 0.01, "/ p = 
0.3,7 i = l,7 c = 2,A = 0.5. 
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FIG. 5 . Transient behavior of the population in each levels and the coherences for the bi-directional incoherent pump in the transition \b) O \p) 
for the four-level model Fig 1(b). For numerical simulation we took Q. a — 10, Qf, = 0.01, ~f a = 0.01, 7 P = 0.3, 75 = 1, 7 C = 2, A = 0.5. 



closely follow g aa {t). In Fig. 5(b) we have plotted the imag- 
inary part of Q a b{t) denoted by 3[g a t(i)] and the real part of 
g c b{t) denoted by $l[g c b(t)}- The behavior of 3 [g a b{t)} is a ls° 
oscillatory. When Sy[f? a (,(t)] > 0, the probe transition goes 
through absorption while for 3[p a fc(^)] < it exhibits ampli- 
fication. At resonant drive and probe excitation, the coherence 
Qab is purely imaginary consequently from Eq. \l3[b) we ob- 
tain, 



1 



IbQaa - Ap bh + %Q pp 



dgbb 
dt 



(20) 



Now the condition for amplification of the probe field 
^s[g a b(t)} < in the transient regime can also be written as 



dg, 



bb 



dt 



> 7bg aa - Agbb + %g pp . 



(21) 



Thus the transient gain condition Eq.(|20|) involves only the 
population dynamics of the levels \a), \b) and \p). In short 
we can say the probe field observe transient gain when the 
growth of the ground-state population exceeds combined ef- 
fect of the atoms entering, per unit time, (due to incoherent 
decay jbgaa + %gpp) and leaving (due to incoherent pump- 
ing to the level \p) given by the rate Ag bb ) \ 36, 37 1. 



IV. CONCLUSION 

To conclude, in this paper we studied the possibility of 
steady state amplification without inversion in a four level 
medium using a symmetric and bi-directional incoherent 
pump. The four-level model studied here can be conceived 
as an equivalent three-level model in cascade configuration 
with a effective uni-directional pumping needed for steady- 
state gain. If we consider a bi-directional symmetric pumping 
in the transition | c) o | b) the probe transition does not exhibit 
gain. Though this is true for S-configuration, A-configuration 
can exhibit gain under such circumstances. In the steady 
state regime, we found the range of the parameters needed to 
achieve the amplification without inversion as shown in Fig. 
2(a,b,c). We have also briefly highlighted the transient behav- 
ior of the system and observed that for the parameters consid- 
ered here for amplification without inversion in steady-state, 
the system never shows population inversion at any instant of 
time. 
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Appendix A: Three-Level A-configuration: Gain with 
bi-directional pump 

The atom-field Hamiltonian in the interaction picture can 
be written as (H = 1) 

V = -A c \c)(c\ - A b \b)(b\ - {n b \a)(b\ + fl c \a)(c\ +H.c) . 

(Al) 

Here tt c and fl b are the Rabi frequencies of the driving and 
the probe field respectively. We define the detuning A c = 
w ac — v c and A b — uj ab — v b . In this model the decay in the 
channels ab, ac are quantified by the parameter j b , 7 C respec- 
tively. Incorporating these decay rates, the equation of motion 
for the atomic density matrix is given as (H = 1) 



dg 
dt 



+ y (Wc Q^i] + l°cg, o-J]) + ^ (Va, ^1] 



A]) 



(A2) 



where, 



<j a = \c)(a\ , a b = \b)(a\ , cr A = \b)(c\ 
ai = \a)(c\,at = \a)(b\,a{ = \c)(b\ 



(A3) 



The equation of motion of the density matrix elements gu and 
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exhibits gain in the probe transition in the presence of a sym- 
metric bi-directional pump between the lower two levels. No 
population inversion {g Q aa + g° cc — g bb < 0) requires 

(76 + 7c) (A - A)r ca + 2( 7b + A - 2A)ft 2 > 0. (A8) 



For symmetric bi-directional pump, Eq. ( |A8| > reduces to 
7b > A which is the same for three-level model in H- 
configuration. We see that for A-configuration the probe tran- 
sition can exhibit amplification in the presence of the symmet- 
ric bi-directional pump unlike the EE-configuration. 



FIG. 6. Three-level model in A-configuration . The spontaneous de- 
cay rates |o) — > \b) and \a) — > |c) are give by 75, j c respectively. We 
have introduced an incoherent bi-directional pump in the transition 
\b) o c). The pumping rates are A( I c) — > \b)) andA(|&) — > |c)). 
Q, c and Qt are the drive and probe field Rabi frequencies. 



g ca are given by (for real f2 c , Q5) 
dg aa 



dt 
dgbb 
dt 

dg cc 
dt 

dg ca 
dt 



-(lb + lc)g a a - 2Q c ^[g ca ] + 2n b Q[g ab ], (A4a) 
7b£W - Ap bb + Xg cc - 2Sl b 3[g ab ] , (A4b) 
J c gaa - Ag cc + Ag bb - Xgbb + 2Sl c 3[g ca ], (A4c) 
~T ca g ca - ifl c (g cc - g aa ) - ifl* b g c b, (A4d) 



where T ab = ( 7c + 7b + A)/2, T ac = ( 7c + lb + A)/2, r cb = 
(A + A) /2. Similar to the earlier discussion, at resonance and 
in the zeroth order approximation for the probe field we ob- 
tained for the steady-state populations 



0<°> = 

¥aa 



2n 2 A 



(o) _ (7fc + 7c)Ar ca + 2( 7fc + A)ng 

@bb ~ q ■ 

(o) _ (76 + 7c)Ar ca + 2 Aft 2 , 



L>. 



(A5a) 
(A5b) 
(A5c) 



where Q = ( 7b + 7c )(A + A)r cQ + 2( 7b + A + 2A)ft 2 . Ex- 
pression for g ab is the same as Eq.([5]l with ft a — > ft c . Using 



(i) 



Eqs.( A5 1, we obtain the first-order solution for g ab 

e ^ ~ lilb \(r cb r ab + w c )Q + 

[( 7 6 + 7 c + 2r efc )A - 2( 7b + A)r cb ] ng 
(r cb r ab + Q2) Q 

To observe gain in the probe transition requires (for large ft c ) 



(A6) 



A 2 - A 2 + A 7c - A 7b > 0. 



(A7) 



For symmetric bi-directional pump (A = A), Eq. (A7i re- 
duces to 7 C > 7 b which is also the necessary condition for las- 
ing without inversion. Thus for -f c > y b , the A-configuration 



Appendix B: Three-Level ^-configuration: Gain with 
uni-directional pump 





k. : \ 

r 


i 

Q b 






Y 


> 


' ••*'** 



\cCj\ 



K 



-\6) 



FIG. 7. Three-level model in H-configuration . The spontaneous de- 
cay rates \a) — > \b) and c) — > \a) are given by 7t,7a respectively. 
We have introduced an incoherent uni-directional pump in the tran- 
sition b) — > |c). The pumping rate is k. Q a and fij, are the drive and 
probe field Rabi frequencies. 

To the zeroth order approximation in the probe field we 
obtained for the steady-state populations (resonant drive and 
probe excitation) 



c a a 



K( la r ca + 2n 2 a ) 
n 

(0) _ 76(7^ + 2ftg) 

Sbb - n 

K{ lb Y ca + 2ft 2 ) 



n 



(Bla) 
(Bib) 
(Blc) 



where TZ = K(j b T ca + 2ft 2 ) + ( 7b + K)(7 a r ca + 2ft 2 ). In the 
strong field limit ft a 3> 7 b , 7a , k, we obtain the non-inversion 
condition as 



k < 76 



Also for gain we obtain 



(B2) 



(B3) 



Combining Eq.( |B2|B3} , the condition for gain without popu- 
lation inversion gives I27ll 



^7 alb < k < 76, and 7b > -y a 



(B4) 
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Appendix C: Calculation of population and coherence for the 
four-level model 



From Eq. 4(c) we obtain, 



t!ca 1 



Ma 



g (0) _ g (0) 



From Eq. 13(a) (for real il a ), we obtain, 



Combining Eq.( Cl|C2 i we get, 



o(0) 



20 



2 1 



From Eq. 13(c), we obtain, 

$ = (^)*£>-2(£)9[a 

Combining Eq.< |CT||C4| > we get, 



3 (°> = 
-pp 



¥aa 



(Cl) 



(C4) 



(C5) 



From Eq. 13(b), we obtain, 



(0) _ ( lc + % \ JO) 



Qbb 



A 



-pp 



Combining Eq.( C5|C6 1 we get, 



Bbb = 



flc+%\ 


~jb 


\ A J 


.7c 



(C6) 



(C7) 



Using conservation of the population we obtain the zeroth- 
order population 



(C2) 


g(P) 


77 


(C8a) 




(0) 

Qbb 


7b(lc+lp)(laT ca + 2nl) 

V 


(C8b) 




ecc 


-f c A(j b r ca + 2n 2 a ) 

V 


(C8c) 


(C3) 


p {0) 

¥pp 


7 6 A( 7a r ca + 2^) 

V 


(C8d) 



where, T> 



2Ql [2A 7c + 7 b (A + 7c + 7p)] + 



7ar cQ [7cA + 7 6 (A + 7 C + 7 P )] + 7c 7 b Ar ca . The coherence 



(o) . 

Qca is given as 



o (0) - -i 



QgJcMlb - 7a) 

77 



(C9) 



Using Eq. 4(c) and Eqs. (C8 I, we can also easily obtain an 
analytical expression for . Using similar line of action we 
can also obtain the populations and coherences for the three- 
level models in A and S configurations and the results are used 
in the text. 
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